ABSTRACT. We observe that some fundamental constructions in Galois theory can be used to obtain some interesting restrictions on the structure of Galois groups of maximal p-extensions of fields containing a primitive pth root of unity. This is an extension of some significant ideas of Demushkin, Labute and Serre from local fields to all fields containing a primitive pth root of unity. Our techniques use certain natural simple Galois extensions together with some considerations in Galois cohomology and Massey products.
INTRODUCTION
The major open question in Galois theory is to describe absolute Galois groups of fields among profinite groups. The description of maximal pro-p-quotients for general fields for given prime number p is already a challenging problem. For a field F, we denote by F sep the separable closure of F in some algebraic closure of F. We set G F = Gal(F sep /F), the absolute Galois group of F, and G F (p) its maximal pro-p quotient. In the mid-1960's, rather fascinating progress was made in the determination of G F (p) for local fields. Already in [Sha47] , I. R. Shafarevich showed essentially that G F (p) is a free pro-p group if F is a local field which does not contain a primitive p-th root of unity. (Shafarevich did not formulate this result in the language of profinite groups as this language was introduced later on.) In 1954 Y. Kawada showed that if F is a local field containing a primive p-th root of unity then G F (p) admits a presentation
where S is a free pro-p group and R is a normal subgroup of S generated by a single relation r. The challenging and extremely interesting problem of determining a possible r explicitly was completely solved in a series of papers [De1] , [De2] , [Se1] and [Lab] . In fact Labute's paper [Lab] completely classifies all Demushkin groups which include all G F (p), where F is a local field containing a primitive p-th root of unity. One example of There arises a natural question as to whether the groups G F (p) for other fields F containing a primitive p-th root of unity can be described by relations of a similar shape. In some previous papers including [CEM] , [EMi1] , [EMi2] , [MT2] using Bloch-Kato conjecture, which is now Rost-Voevodsky theorem [Voe] , or techniques of Massey products in Galois theory (see also [Mat] , [EMa] , [MT1] and [MT3] ), it was shown that some relations which include triple commutators [[x 1 , x 2 ], x 3 ] as a factor cannot be in G F (p) for a field containing a primitive p-th root of unity. The next question is about possible combinations of p-th powers and commutators in the shape of relations defining G F (p).
During the summer of 2013 we obtained some ideas which showed that some simple Galois extensions obtained from F by extracting suitable p c -th roots of unity for different c ∈ N can be used to obtain interesting restrictions on the shape of products of p-th powers of generators and commutators in relations in G F (p). The idea is to produce some explicit small Galois extensions where the restrictions of the proposed relations to these Galois groups cannot possibly be valid. In retrospect these Galois extensions conceptually could be considered before the unipotent Galois extensions constructed in [MTE] , [MT3] or [AMT] . The existence of these later extensions is related to the vanishing of Massey products. (For the vanishing of triple Massey products see [Mat] , [EMa] , and [MT1] .) In our case the existence of our extension is governed by the structure of roots of unity in the base field and just enough elements in the base field independent from roots of unity. Again in retrospect we see that these extensions are extensions of techniques which were used in [AS] , [Be] , [Wha] and others to produce some automatic large extensions showing in particular that finite absolute Galois groups G F or finite G F (p) can be only groups of order dividing 2.
Our ideas mentioned above form the basis of our current paper. In the thesis of M. Rogelstad [Ro] Chapter 5 we described examples which well represent our ideas. In fact, as we shall see, some main theorems in our paper, including Theorem 3.5 and Theorem 3.8, are direct extensions of the techniques presented in [Ro] together with Labute's Proposition 6 in [Lab] . Let p be an odd prime and n an odd positive integer. Let G = S/ r , where S is a free pro-p group of generators x 1 , x 2 , . . . , x n , and
Notation and convention
We let p denote a prime number and v p the p-adic valuation. If x and y are elements in a group, [x, y] = xyx −1 y −1 denotes the commutator of x and y.
For a field F, we set F × = F \ {0}. For a ∈ F × , we denote by [a] F , or simply [a] , the class of a in the quotient group F × /(F × ) p . We let p n √ a denote a p n -th root of a.
We denote by µ p n the group of p n -th roots of unity, µ p n = {z ∈ F sep | z p n = 1}, and set
Let C n denote the cyclic group of order n.
For each positive integer m, we choose a primitive p m -th root of unity ζ p m in such a way that ζ p p m = ζ p m−1 for every m = 1, 2, . . ., where ζ 1 := 1. For given a prime number p, in our paper we assume that every considered base field F (unless explicitly stated otherwise) satisfies the following condition. Condition 1.1. If p is odd then F contains a primitive p-th root of unity ζ p . If p = 2 then F contains a primitive fourth root ζ 4 of unity.
SOME RADICAL GALOIS EXTENSIONS
We assume that µ p ∞ ⊆ F. In this case let k be the largest positive integer such that
Proof. Note that ζ p k ∈ F p and if p = 2 then ζ 2 k ∈ −F 2 and in particular ζ 2 k ∈ −4F 4 . Hence the polynomial x p m−k − ζ p k is irreducible (by [Lan, Chapter VI, Theorem 9 
Proof. In order to show the first statement, by Kummer theory, it is enough to show that
For each l = 0, 1, . . . , m − k − 1, we let F l = F(ζ p k+l ). We prove by induction on l that
Hence by Kummer theory, one has
a contradiction to the induction hypothesis. Now we consider the case that p ∤ s. By Lemma 2.1, one has [F l−1 (ζ p k+l ) :
is irreducible and one of its roots is ζ p k+l . Hence
Therefore by taking norms from F l down to F l−1 on the both sides of (*), one gets
This is a contradiction to the induction hypothesis. Now assume further that p = 2 and a ∈ −4F(ζ 2 m ) 4 . We write a = −4b 4 for some
For such a and m as above, we define
The existence of σ and τ will be shown in the proof of the following proposition.) Proposition 2.3. The Galois group G(a, m) has the following presentation 
By the Galois correspondence, the smallest subgroup of Gal(F(a, m)/F) containing both Gal(F(a, m)/F(ζ p m )) and Gal(F(a, m)/F( p m √ a)) is the whole Galois group Gal(F(a, m)/F). Hence
By a direct computation, we see that
Remark 2.4. Recall the following result of Schinzel (see [Sch, Theorem 2] : Let F be a field, n a positive integer relatively prime to charF, and w the number of nth roots of unity in F. Then for a ∈ F, the Galois group of x n − a over F is abelian if and only if a w = b n for some b ∈ F.
A special of this result when n = p m with p > 2 prime, w = p k and a ∈ F × ζ b p k for every b ∈ Z, yields the following statement: Recall that for a profinite group G and a prime number p, the descending central series (G i ), the p-descending central series (G (i) ), and the p-Zassenhaus filtration (G (i) ) of G are defined inductively by
, G], i = 2, 3, . . . , and by
where ⌈n/p⌉ is the least integer which is greater than or equal to n/p. (Here for closed subgroups H and K of G, the symbol [H, K] means the smallest closed subgroup of G containing the commutators [x, y] = xyx −1 y −1 , x ∈ H, y ∈ K. Similarly, H p means the smallest closed subgroup of G containing the p-th powers x p , x ∈ H.)
Recall also that a pro-p-group D is powerful if D/D p is abelian for odd p and D/D 4 is abelian for p = 2.
Proposition 2.5. Let m ≥ k be positive integers and k ≥ 2 if p = 2. Let G = G(a, m) be the group as in Proposition 2.3:
Proof.
(1) We prove by induction on i. For i = 1, we have
Now assume that the formula is true for i. We have
(3) By [DdSMS, Theorem 11.2] and by (1), we have
For i ≥ 2 and ip h ≥ n, one has p k(i−1) ≥ p i−1 ≥ i and
Hence
Proposition 2.6. Let the notation be as in Proposition 2.5.
(1) The exponent of G(a, m) is p m .
(2) The smallest n 0 such that
Proof. Since G := G(a, m) = σ, τ is powerful, we have
From this we see that the exponent of G is m and that the smallest n 0 such that
RELATIONS IN THE MAXIMAL PRO-p QUOTIENT OF ABSOLUTE GALOIS GROUPS
The following result will be used below to prove Lemma 3.2.
Lemma 3.1. Let G be a pro-p-group with a minimal set of generators {x j } j∈J . Then for any family {a j } j∈J of elements in Z/pZ having the property that a j = 0 only for a finite number of j ∈ J, there exists a continuous homomorphism D :
Proof. This follows from [Ko, Theorem 6 .2].
Let G be a pro-p-group, U p = Z × p the group of p-adic units with the p-adic topology, and χ a continuous homomorphism of G to U p .We define an action of G on Z p by σ · x = χ(σ)x for σ ∈ G, x ∈ Z p . Then Z p , with the p-adic topology, becomes a topological G-module which we denote by I = I (χ). The following result is a variant of [Lab, Proposition 6] . By using the previous lemma, the proof in [Lab] still works well in this case. For the convenience of the reader, we reproduce the proof with suitable adjustments here.
Lemma 3.2. Consider the following two statements:
(1) For all i ≥ 1 the canonical homomorphism
For all i ≥ 1 we may arbitrarily prescribe the values of crossed homomorphisms of G to I /p i I on a minimal system of generators of G provided we require that for all but a finite number of generators, these values are 0. Then (1) implies (2).
Proof. Observe that G acts trivially on I /pI = Z/pZ because any continuous homomorphism from any pro-p-group into (Z/pZ) × is trivial. We shall proceed our proof by induction on i ≥ 1. If i = 1 then our statements follows therefore from Lemma 3.1. We shall now assume that our statement is valid for i − 1 and prove it for i using the exact sequence Let g i , i ∈ I, be a minimal system of topological generators of G and let a i , i ∈ I be elements in I /p i I with a i = 0 for all but finitely many i's. Using (1) we can find a crossed homomorphism
One has D 1 (g i ) = 0 for all but finitely many i's. Thus b i = 0 for all but finitely many i's. By the inductive hypothesis there exists a crossed homomorphism
Now suppose that F is any field containing a primitive p-th root of unity. There exists a canonical isomorphism
is determined by the condition that
is surjective.
Proof. Recalling that we are choosing a compatible system of the primitive p n th roots of unity, we obtain an isomorphism µ p ∞ ≃ I (χ p,cycl ) as a G F (p)-module. From this and from the exact squence
we obtain a commutative diagram
for m ≥ 1. Since the horizontal arrows are all isomorphisms and
Corollary 3.4. Let F be a field containing ζ p . Assume that {x} ⊔ {y i } i∈I is a minimal system of generators for G F (p). 
The following theorem is a generalization of [Ro, Theorem 5.1 .2] based on the same idea.
Theorem 3.5. Let F be a field containing ζ p m for some m ≥ 2. Let S be a free pro-p-group on a set of generators X = {x} ∪ {y i | i ∈ I} such that
is a minimal presentation of G F (p). Let T be the closed subgroup of S generated by {y i } i∈I .
Then there is no relation of the form r = x p l u s ∈ R, where l and u are integers with 1 ≤ l < m, gcd(p, u) = 1, and s ∈ [S, S]T.
Proof. Suppose to the contrary that there is a relation r = x p l u s, where l and u are nonzero integers with 1 ≤ l < m, gcd(p, u) = 1 and s ∈ [S, S]T. By Corollary 3.4, we can choose a ∈ F × such that
Hence the order of p m = resπ(x) divides p l u. This is impossible since m > l.
Corollary 3.6. Let F be a field containing µ p ∞ . Let S be a free pro-p-group on a set of generators
Then there is no relation of the form r = x p l u s ∈ R, where l and u are nonzero integers with l ≥ 1, and s ∈ [S, S]T.
Proof. This follows immediately from Theorem 3.5.
Let S be a free pro-p-group on a set of generators X = {x} ∪ {y i | i ∈ I} such that
Lemma 3.7. Let F be a field satisfying Condition 1.1. Suppose that r = x p l u s ∈ R, where s is in [S, S] and l and u are nonzero integers with l ≥ 1 and gcd(p, u) = 1. Then π(x) acts trivially on F(ζ p n ) for all n ∈ N.
∈ F. Now suppose that n > k and that π(x) acts trivially on ζ p n−1 but π(x) act nontrivially on ζ p n . Then the restriction of π(x) to F(ζ p n ) generates the entire Galois group Gal(F(ζ p n )/F(ζ p n−1 )) ≃ C p . Hence, by Burnside's basis theorem, the restriction of π(x) to F(ζ p n+n ′ ) generates the entire Galois group Gal(F(ζ p n+n ′ −1 )/F(ζ p n−1 )) ≃ C p n ′ for every n = 1, 2, . . . (Note that F(ζ p n−1 ) also satisfies Condition 1.1, hence Gal(F(ζ p n+n ′ −1 )/F(ζ p n−1 )) is indeed cyclic by Lemma 2.1.) Pick any n ′ > l and consider the restriction map
Hence the order of ρ(π(x)) divides p l . This contradicts the fact that the order of
Let S be a free pro-p group on an alphabet X of a minimal set of generators. We let X −1 be the set of formal symbols x −1 , x ∈ X. For each r in [S, S] , by a commutator expression for r we mean an expression r = c 1 · · · c k , where each c i is a hyper-commutator of the form c i = [u 1 , u 2 , u 3 · · · , u k(i) ] with u i ∈ X ⊔ X −1 . Here we do not specify subbracketing which can be arbitrary as usual when dealing with higher commutators. We say that a commutator [u, v] 
The following theorem is a generalization of [Ro, Theorem 5.2 .1] and our proof is based on the same idea.
Theorem 3.8. Let F be a field satisfying Condition 1.1. Let S be a free pro-p-group on a set of generators X = {x} ∪ {y i | i ∈ I} such that
is a minimal presentation of G F (p). Then there is no relation of the form r = x p l u s ∈ R, where l and u are nonzero integers with l ≥ 1 and gcd(p, u) = 1, and s ∈ [S, S] such that any commutator of the form [u, v] (u, v ∈ X ⊔ X −1 ) appearing is a fixed commutator expression for s has u = x ±1 and v = x ±1 .
Proof. Suppose to the contrary that there is a relation r = x p l u s, where l and u are nonzero integers with l ≥ 1 and gcd(p, u) = 1, and s ∈ [S, S].
By Corollary 3.6, we may also suppose that there exists k ∈ N such that ζ p k ∈ F × but
We take any m > max{k, l} and choose an element a ∈ F × such that
Such an element a exists by Corollary 3.4. By Lemma 3.7, π(x) acts trivially on ζ p n for every n ∈ N. In particular, we see that a ∈ (F × ) p ζ n p k for every n ∈ Z. We consider the Galois extension F(a, m)/F. Let res : G F (p) ։ Gal(F(a, m)/F) be the restriction map. Clearly the order of res(π(x)) ∈ Gal(F(a, m)/F(ζ p m )) is p m . By our choice of a, for each
Hence one has res(s) = 1. Therefore we have
, a contradiction to the fact that the order of res(π(x)) is p m > p l .
Remark 3.9. Let the notation be as in Theorem 3.8. Let T be the closed subgroup of S generated by {y i } i∈I . Clearly if s ∈ [T, T] then any commutator of the form [u, v] (u, v ∈ X ⊔ X −1 ) appearing in a fixed commutator expression for s has u = x ±1 and v = x ±1 . For example, let n be an odd positive integer. Let S be a free pro-p group of generators x 1 , x 2 , . . . , x n and let
with s ∈ N. Then Theorem 3.8 implies that G is not isomorphic to G F (p) for every field F satisfying Condition 1.1. Theorem 3.10. Let F be a field satisfying Condition 1.1. Let S be a free pro-p-group on a set of generators {x} ∪ {y i | i ∈ I} such that
is a minimal presentation of G F (p). Let T be the (closed) subgroup of S generated by {y i } i∈I . Then there is no relation of the form r = x p l u s ∈ R, where l and u are nonzero integers with l ≥ 1 and gcd(p, u) = 1, and s ∈ T.
Proof. Suppose to the contrary that there is a relation r = x p l u s ∈ R, where l and u are nonzero integers with l ≥ 1 and gcd(p, u) = 1, and s ∈ T. By Corollary 3.6 we may assume that there exists k ∈ N such that ζ p k ∈ F × but ζ p k+1 ∈ F × . We pick any positive integer m with m > l. By Corollary 3.4, there exists a ∈ F × such that
We first observe that π(t)( 
This implies that ζ p l u p m = 1 and hence p m divides p l u. This is impossible because m > l. Case 2: π(x) acts nontrivially on ζ p m . One has
, for some v ∈ Z. By induction on n, one has
From this, one deduces that p m | N. On the other hand, it can be checked that for all α ∈ pZ with α ∈ 4Z if p = 2, and n ∈ N, one has
This is implies that m ≤ v p (N) = l, a contradiction.
Theorem 3.11. Let F be a field satisfying Condition 1.1. Let S be a free pro-p-group on a set of generators {x} ∪ {y i | i ∈ I} such that
is a minimal presentation of G F (p). Let T be the (closed) subgroup of S generated by {y i } i∈I .
Then there is no relation of the form r = x p l−1 u st ∈ R, where l and u are nonzero integers with l ≥ 2, gcd(p, u) = 1, s ∈ [T, T] and t ∈ S (l+1) ∩ [S, S].
Proof. Suppose to the contrary that there is a relation r = x p l−1 u st ∈ R, where l and u are nonzero integer with l ≥ 2, gcd(p,
By Corollary 3.6, we may assume that there exists k ∈ N such that ζ p k ∈ F × but ζ p k+1 ∈ F × . By Corollary 3.4, there exists a ∈ F × such that
Let res :
be the restriction map. By Lemma 3.7, π(x) acts trivially on F(µ p ∞ ). Then res(π(x)) has order p l .
By our choice of a, res(π(y i )) is in Gal(F(
In either case we always have
Thus res(s) = 1. By Proposition 2.6, one has res(π(t)) ∈ G(a, l) (l+1) = {1}. Therefore 1 = res(π(r)) = res(π(x))
This implies that the order p l of res(π(x)) divides p l−1 u, a contradiction.
Remark 3.12. In this previous theorem, by also using Zassenhaus filtrations we can replace the condition t ∈ S (l+1) by the (seemingly weaker) condition t ∈ S (l+1) ∪ S (p l−1 +1) . However we obtain nothing new here because, by induction on l, one can show that
(The case l = 2 was mentioned in [MTE, page 260] .)
THE CYCLOTOMIC RADICAL p-EXTENSIONS
Let F be a field satisfying Condition 1.1. We set
where the union is taken as m runs through the set {1, 2, . . .} and a runs over the set F × . The field CR(F) is called the (p-)cyclotomic radical extension of F. These kinds of extensions were considered also in [CMQ] and [Wa] .
Theorem 4.1. Let F be a field containing µ p ∞ . Then
Then for each i ∈ I, the restriction of τ i to CR(F), still denoted by τ i , is in G. These τ i generate G.
Proof of Claim: It is enough to check that for every m ∈ N, every l ∈ I, one has
Clearly, for each i ∈ I, l ∈ I and m ∈ N, there exists ξ i,l,m ∈ µ p m such that
One has
For each finite subset J of I, we define F J := j∈J;m∈N F( p m √ a j ) and G J = Gal(F J /F).
Claim: G J is abelian and torsion free. Proof of Claim: Let τ be any nontrivial element in G J . We can write
where j 1 , . . . , j l are in J, and γ 1 is a p-adic unit, and γ l are p-adic integers. Setτ := τ
By the previous claim,τ is not a torsion element and hence τ is not a torsion element. From the three claims above and also observing that G = lim ← − G J , we see that G is a torsion free abelian pro-p group. Hence by [RZ, Chapter 4, Section 4.3, Theorem 4.3.4] , one has
For each i ∈ I, set a i,1 := a i , and
Then there exist σ, and
We pick any extensionσ ∈ G F (p) of σ.
) and we have a natural isomorphism (by restriction)
By Lemma 3.2, there exists a crossed homomorphism
Consider D i,2 as a cocycle with values in F(p) × , then D is a 1-coboundary by Hilbert's Theorem 90. Thus there exists
Clearly we have
One also has ord
Noting also that Gal(K 2 /F) is of exponent p 2 and Gal(F(ζ p k+3 )/F) ≃ C p 2 , we see that
Inductively for each m = 1, 2, we can define
and τ i,m ∈ Gal(K 2 /F) such that
Clearly one has
One can check that CR(F) = m≥1 K m . For each i ∈ I define τ i ∈ Gal(CR(F)/F) as follows: if α ∈ K m then τ i (α) := τ i,m (α). Let H be the closed subgroup of G generated by τ i , i ∈ I. Then H is a subgroup of Gal(CR(F)/F(µ p ∞ )). The natural map induced by restriction
is surjective. The surjectivity and the isomorphism above follow from the explicit description of the action of τ i on p √ a j . Therefore by Burnside's basis theorem ([Ko, Theorem 4.10]) and by Theorem 4.1, we have
For any a ∈ F × , any m ∈ N and any p m -root
Now we write ϕ(σ) = 1 + p k u with u ∈ Z × p . Let log and exp denote the p-adic logarithm function and the p-adic exponential function respectively. (See [Neu, Chapter 5, Section 5] .) For each n ≥ 1, let U (n) = 1 + p n Z p the n-th higher unit group. Then by [Neu, Proposition 5.5 ], for n > 1 p − 1 , the two functions exp and log yield two mutually inverse isomorphisms
In our case, one has k > 1 p − 1 by Condition 1.1. Therefore log(1 + p k ) and log(1 + p k u)
Corollary 4.3. Let the notation be as in the previous theorem. Then G CR(F) (p) is the closed subgroup of G F (p) generated by [σ, τ] τ 1−ϕ(σ) with τ ∈ ker ϕ and σ ∈ G F (p).
We shall first show that the restriction map res : G F (p) ։ Gal(L/F) takes H to 1, this means H ≤ ker(res). To show this it is enough to show that res([σ, τ]τ 1−ϕ(σ) ), where τ ∈ ker ϕ and σ ∈ G F (p), is the identity on each field extension F(
By abuse of notation, we also use res to denote the restriction map res :
Galois extension of degree p m whose Galois group is generated by τ a defined by τ a ( 
On the other hand, from σ a τ a σ −1 a = τ p k a and by induction on µ and λ we see that
1−ϕ(σ) ) = 1. Now let S be the free pro-p group with generators x, y i , i ∈ I. Let σ and ρ be the elements in G F (p) defined as in the proof of Theorem 4.2. In particular ϕ(σ) = 1 + p k . Let π : S ։ G F (p) be the homomorphism such that π(x) = σ and π(y i ) = τ i for every i ∈ I. Let ρ : S → G be the composition map π • res. LetH := π −1 (H). ThenH ≤ ker ρ because H ≤ ker res.
Let 
/F is a cyclic extension by Kummer theory. By [Lan, Chapter VI, Theorem 9 .1], we see that 
Corollary 4.5. Let F be a field containing ζ p k for some k ≥ 1. Suppose that G F (p) is a finitely generated pro-p-group. Then
where r and l are in N ∪ {0} and s i ≥ k. Moreover if ζ p k is in F × for every k ≥ 1 then l = 0.
Proof. Since G F (p) is finitely generated, G F (p) ab is also finitely generated and by [RZ, Theorem 4.2 .4], we have
where r, l ≥ 0 and s i ≥ 1. Then Proposition 4.4 implies that
Corollary 4.6. Let F be a field containing ζ p k for some k ≥ 1. Then
for some index sets I 1 , I 2 , . . . , I k [Kap, Theorem 6, p.17] . Therefore by [RZ, Lemma 2.9.4 and Theorem 2.9.6] we have
Because µ p k ⊆ F × , we see that each cyclic extension E/F of degree p i with 1 ≤ i < k embeds into a cyclic extension K/F of degree p k . Therefore I j = ∅ for all j = 1, . . . , k − 1 and G
[k]
Theorem 4.7. Let F be a field containing ζ p k for some k ≥ 1. Assume that
is a closed subgroup of G F (p) ab . Then there exist a set J and l ∈ N and cardinal numbers m(i),
Proof. By our assumption, we see that Tor(G F (p) ab ) is an abelian torsion pro-p group. Thus by [RZ, Lemma 4.3.7 ], there exists s ∈ N such that σ p s = 1 for all σ ∈ Tor(G F (p) ab ). Therefore by Proposition 4.4, the exponents of elements in Tor(G F (p) ab ) have the form p s i , where
Then S is a torsion-free abelian pro-p group. Hence by [RZ, Theorem 4.3.4] , S is a free abelian pro-p-group. Thus
By considering Pontrjagin's dual of Tor(G F (p) ab ) and using the fact that any discrete abelian group of bounded order is a direct sum of cyclic groups ([Kap, Theorem 6, page 17]) as well as Pontrjagin's duality theorem, we conclude that
Finally using the fact that S ≃ ∏ J Z p for some index set J ( [RZ, Theorem 4.3 .3]) we conclude that
Let p be a prime number and k a positive integer less than p. Let F be a field of characteristic not p which contains a fixed primitive p-th root of unity ξ. For any element a in F × , we shall write χ a for the character corresponding to a via the Kummer map
The character χ a defines a homomorphism χ a ∈ Hom(G F ,
Let b be any element in F × . Then the norm residue symbol can be defined to be
The cup product χ a ∪ χ b ∈ H 2 (G F , Z/pZ) can be interpreted as the norm residue symbol (a, b). More precisely, we consider the exact sequence
, where Z/pZ has been identified with the group of p-th roots of unity µ p via the choice of ξ. 
. Then K/F is a Galois extension whose Galois group is generated by σ a and σ b . Here
Let a and b be two elements in F × which is linearly independent modulo p. The extension
is Galois whose Galois group is generated by σ a .
Let n be the smallest positive integer such that N n (v) = 0. (Such an n exists since N is of finite nilpotent index). One has k < n and
Thus a 0 = 0. Similarly one has
Thus a 1 = 0. Continuing this way we get a i = 0 for all i. Therefore {v, Nv, · · · , N k v} is linearly independent.
For each integer n ≥ 3, let U n (Z/pZ) be the group of n × n upper-triangular unipotent matrices with entries in Z/pZ. Let E ij be the (k + 2) × (k + 2)-matrix such that all entries are zero except for 1's in the position (i, j). We consider the following matrices in U k+2 (Z/pZ):
If x and y are elements in a group, we define [x (i) , y] by induction as follows:
, y]], for i ≥ 1.
Let G be the group generated by x, y subject to the relations:
(1) x p = y p = 1, [x (i) , y] p = 1 for all i = 1, . . . , k.
(2) [[x (i) , y], y] = 1, for all i = 1, . . . , k and [x (k+1) , y] = 1.
Lemma 5.4. We have |G| ≤ p k+2 .
Proof. By using the identity ab = [a, b]ba and the relations defining G, we see that every element g ∈ G can be written in the form g = [x (k) , y] e k [x (k−1)
, y] e k−1 · · · [x, y] e 1 y e 0 x e −1 ,
where each e i ∈ {0, 1, . . . , p − 1}. Then the lemma follows.
Lemma 5.5. The subgroup of U k+2 (Z/pZ) generated by X, Y is isomorphic to G.
Proof. Let H be the subgroup of U k+2 (Z/pZ) generated by X and Y. By induction, one can show that [X (i) , Y] = I + E k+1−i,k+2 , ∀ 0 ≤ i ≤ k.
This implies that |H| ≥ p k+2 . Also it is easy to check that X, Y satisfy the relations defining G. Hence we obtain a surjective homomorphism from G to H which sends x to X and y to Y. Since |G| ≤ p k+2 ≤ |H|, we see that G is isomorphic to H.
Corollary 5.6. One has G k+2 = 1 and [x (k) , y] = 1 in G.
Proof. By the proof of Lemma 5.5, one has an injection from G into U k+2 (Z/pZ) k+2 , which maps x to X and y to Y. Since U k+2 (Z/pZ) k+2 = 1, this implies that G k+2 = 1. Also since [X (k) , Y] = I + E 1,k+2 = 1, we see that [x (k) , y] = 1 in G. The composition ρ : G F → Gal(L/F) ψ → U k+1 (Z/pZ) is a desired lifting ofρ. We obtain the following result of Sharifi. More precisely, this result is a special case of [Sha, Theorem 4.3] .
Corollary 5.8 (Sharifi) . Let a, b be elements in F × such that χ a ∪ χ b = 0. Then for every integer k with 1 ≤ k ≤ p − 1, the k + 1-fold Massey product χ a , . . . , χ a , χ b is defined and contains 0.
Proof. This follows from the previous theorem and the correspondence between k + 1-fold Massey products and group homomorphisms from G to the unipotent group U k+2 (F p ) (see [Dwy, Theorem 2.4] , and also [MT2] ).
Theorem 5.9. Let F be a field containg ζ p , where p is an odd prime. Suppose that σ, τ are elements in G F (p) such that 
